Abstract. We present new methods to approximate the offset and convolution of planar curves. These methods can be used as fundamental tools in various geometric applications such as NC machining and collision detection of planar curved objects. Using quadratic curve approximation and tangent field matching, the offset and convolution curves can be approximated by polynomial or rational curves within the tolerance of approximation error E > O. We suggest three methods of offset approximation, all of which allow simple error analysis and at the same time provide high-precision approximation. Two methods of convolution approximation are also suggested that approximate convolution curves with polynomial or rational curves.
Introduction
Given two planar curved objects 0 1 and O2 , their Minkowski sum 0 1 (D O2 is obtained by sweeping one object O2 (with a fixed orientation) all over the other object 0 1 . Offset is a special case of Minkowski sum in which the sweeping object is restricted to a circular disk.
Let C 1 (t) and C2 (s) be the boundary curves of 0 1 and O 2 , respectively. Then each boundary point of 0 1 ttl O 2 is a point of the following form:
(1) where C~ (t) II CHs) and (C~ (t), C~(s)) > 0, for some sand t. We define the convolution curve C 1 * C 2 as follows: (2) where C~(t) II C~(s(t)) and (C{(t),q(s(t))) > 0, for a reparameterization s = s(t). That is, the convolution curve C 1 *C2 is an envelope curve which is obtained by sweeping one curve C 1 (with a fixed orientation) along the other curve C2 [3] . Offset curve is a special case of convolution curve in which the sweeping curve is restricted to a circle.
The boundary 8(01 *02 ) is a subset of (C1 *C2 )(t), in general. Moreover, when both 0 1 and O2 are convex objects, the convolution curve C 1 * C 2 is exactly the same as 8(01 * O 2 ), Figure 1 shows the offset and convolution of planar convex curved objects. In Fig. l -(a) , an offset is obtained by sweeping a circle along the boundary of an object and taking only the outer boundary of the envelope curve. In Fig. l -(b) , a convolution is generated by sweeping one object along the boundary of the other and similarly taking the outer envelope curve. In Fig. 1 , the inner envelope curves do not contribute to the offset and convolution boundaries; their elimination is a direct consequence of the condition: (Ci (t), C~(s(t))) > o. The exact offset and convolution curves of planar algebraic curves are algebraic, but not rational. Moreover, they have very high algebraic degree [12 ,18,22] . For example, the offset of a cubic Bezier curve has an algebraic degree of 10 [12] . Consequently, these fundamental limitations have led offset research to develop various offset approximation techniques [10,22 ,25] . Based on quadratic curve approximation and tangent field matching, we present new methods that approximate offset and convolution curves with polynomial or rational curves. Compared with other conventional approaches, our methods have many advantages: simple error analysis , high-precision approximation, and a relatively small number of curve subdivisions. This paper is organized as follows. Section 2 presents new algorithms to approximate planar offset curves. Using similar techniques, approximation algo-
